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Cau 1. (3 diém)

X — )
—1Xj Vol X>1.

a) Giai phuong trinh 2" — 2 = Iogg(

b) Tinh nguyén ham [ (x*+1)Inxdx.

¢) Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M;N 14 trung diém
SA; BC . Xét mat phang (P) qua MN va song song véi duong thang BD. Tim thiét dién
cua (P) vahinh chép S.ABCD.

X, =3

Cau 2. (1,5 diém) Cho day s6 thuc {x } xac dinh boi véimoi n=1,2,...
ol X, =21+ /2%, +6

Chitng minh rang day s6 {x } ¢6 gisi han hiru han va tim gi¢i han do.

Cau 3. (2,5 diém)
a) Timcachamsb f:R — R thoa man diéu kién: f((1+ f (x)).f(y)) = y+xf(y)
vx;yeR
b) Cho trudc sé nguyén duong n. Tim sé nguyén duong k, nho nhit sao cho
3% =1(mod 11") va 5 =1(mod11").
Cau 4. (2 diém)

Cho tir giac 16i ABCD ndi tiép (O) . Gia st tia AB cat DC tai E, tia BC cat AD tai F,
duong thaing AC cit duong thang EF tai G . Gia sir dwong tron ngoai tiép tam gidc AEG cit
lai (O) tai K khac A

a) Chimg minh ring KD di qua trung diém | cua EF .
b) Gia st EF lan luot cit BD, duong tron ngoai tiép tam giac IAC tai H;J(J = 1).
Chung minh rang OH =0J .

Cau 5. (1 diém) Trong mit phang cho 5 diém. Nhitng duong thang ndi nhitng diém nay khong
song song, khong vudng goc va khong tring nhau. Qua mdi diém di cho, ké nhitng duong vudng
gdc voi tat ca cac duong thang di qua 2 diém trong 4 diém con lai. Tim s6 luong 16n nhat nhitng
diém cat nhau ctia nhitng duong ha vudng goc, khong tinh 5 diém da cho.



HUONG DAN CHAM
Cau 1:
a)

Bién ddi phuong trinh (1) ta dugc 2 +log,(x—1) = 2° * +log,(x? - x) (dugc tach do x >1)

Xéthamsé f(t)=2'+log,t véi t e (0;+00). Taco f'(t) =2‘.|n2+t i >0
n
Nhu vay f(x—1)= f(x* —x) & x—1=x*—x < x =1.(loai)
Vay phuong trinh v6 nghiém.
u=Inx )
ta co:

b) Theo cong thic nguyén ham ting phan voi :
) g fhtie ngwy P {dv ~ (x +1)dlx

I(xz +1) In xdx = (l X3 + x}ln x—_[(1 X3 + xj.ldx
3 3

X

= (1 X3 + len x—j(1 x? +1jdx
3 3

:(1x3+lenx—lx3—x+c
3 9




Ké NH song song voi BD; cit AD ¢ P va AB & L . N6i MP cit SD & K va ML
cit SB ¢ Q. Khi d6 thiét dién 1a MQNHK .

Céu 2:
Bang quy nap ta chimg minh dugc x, >3 va x_ <5.

Taco x,>x, va

2 _x? 21+2 6)-(21+2,/2 6 2 6—./2 6
Xa—x2 (214 X, +6)—(21+2 /2%, + ):\/ X, +6— /2%, + - 0 theo
Xo T X, X1+ X, Xoa T X,

X ., —X =

n+1 n
n+1

nguyén ly quy nap.

Nhu vay day da cho tang va bi chan trén baoi 5; suy ra day co6 gidi han hitu han.

bat lim=L tacd L=+21+~/2L+6.

Binh phuong hai 1an (hozc st dung lién hop) ta dugc L =5.

Céu 3:

a) @+ f().F(y)=y+xf(y) (1)
T (1) thay x=0 taduoc f((L+ f(0)f(y)=y;VyeR )
Giasu f(a)= f(b), thay vao (2) ta dugc a=b. Nhu vay f la don anh
t6n tai x = (1+ f(0)) f (y) sao cho f(x)=y. suy ra f la toan anh, dan tai f 1a song &nh. Vi
thé ton tai ¢ e R sao cho f(c)=0. Tir (1) cho y=c dugc f(0)=c
Tur (1) cho x=y =0 ta duoc f((L+c)c)=0
Vay f((l+c)c)=f(c), ma f ladonéanhnén (l+c)c=c<>c=0= f(0)=0

Tu (1) cho x=0 tadugc f(f(y))=y,vVyeR 3
Tu (1) thay x boi f(x), thay y béi f(y) va str dung (3) ta co:
fly@+x)=f(y)+yf(x).vx,yeR (4)

Tu (4), cho x=-1, stdung f(0)=0 vadat a=—f(-1) taduoc: f(y)=ay,vVyeR
Thay vao (3) va dong nhét ta duoc a e{L;—1}

a) Tase chang minh K, =@

+) That vay, dau tién ta chirg minh thoa man diéu kién dong du.

Ta co: 3¢(11n) = 5¢(11n) 51( modlln) (dinh ly Euler),



Cau 4:

V6i 4(11")=11"-11"" =10.11"* (= k, =5.11"")

= 307 _ g0 21 mod11")
= (3% -1)(8% +1)i11"

Va (5% 1) (5 +1)i11"

Ta cling c6 3° =5 =1(mod11)
= 3" =5 =1(mod11)

Vivay k, =5.11"*:5

= 3% _-1:11" va 5% —1:11"

+) Ta chang minh k_ 1a s6 nho nhét.

Goi h, <k, a6 tu nhién nho nhét sao cho 5™ =1( mod11') =5 =1( mod11")
Vi 5% =1(mod11) va h, lasé nhé nhatnén h | k =5.11""k =h t

=h =5.11" v6i 0<r<n-1(tacan5¢ h vi 5 -1:11).

2 N r r-1 11
Pé ¥ ring: 55 —1=(55-11 ) -1

(5 -2 () (5 ) (577

Vi 5% =5% =1( mod11®)

=r-1>1thi 5" =1( mod11’)

= (5" )10 +(5" )9 (5 )0 = (122 gy +1) +(122-g, +1) +

L A+1=117.Q +11=11.(11.Q +1)

Lam tuong ty dén (5°* —1)-11"-(11.Q+1) =11*- p-11"*- (11.Q +1)

Pé chia hétcho 11" = r+1>n

=r,,=n-1=h =511"" =Kk,

Lam tuong tw trong truong hop 3™, ta c6 két qua: h, =5.11">. Nhung k_ thoa man ca
hai diéu kign 3 va 5 =1( mod11") .

Nhu vay k. phai bang 5.11"* va ta c6 dpem.



b)

Giasit KDNEF tai |, tachang minh | 1a trung diém EF

+) ZIEK = ZGAK (K e (AEG)) = ZIDE(K & (0)) nén alEK ~aIDE

Dan téi 1E® = ID.IK

+) Taco K 1a diém Miquel cua tt gi4c toan phan EBCGAF do K thudc (ABC), (AEG)
nén K e (FCG). Tir d6, ta dugc ZIFK = ZACK = ZADK (K e (0))

= ZIDF nén alFK ~ AIDF, dantéi IF? =ID.IK = IE? hay IE = IF

D




Goi L 1a giao diém cua AC;BD . theo dinh ly Brocard, OL L EF = HJ nén yéu cau bai toan
trong duong ching minh LH = LJ. Goi M 14 trung diém A C. Do (AC,LG) =-1 nén

GM -GL =GA-GC =Ry 4ac, =Gl -GJ nén twr gidc MLIJ ngi tiép. Suy ra ZLIH = ZGMI

- Do K 1a giao diém cua (GAE),(GCF) nén ton tai phép vi tu quay Stam K sao cho

S:A—E,C—>F maM;llatrung diém AC; EFnén S:M — | dantsi K e (GMI). Suyra
ZGMI = ZGKD.

- Do (HG,EF)=-1nén IH-IG=IE2=ID-IK nén tir gidc KDGH noi
tiép. Suy ra ZLHJ = Z/GKD = Z/GMI = ZLLJH hay 2aLHJ cantai L
Cau 5:

Bén diém xac dinh dinh C2 =6 duong thang. Suy ra tir mdi diém trong nhimng da cho c6 thé ké
dugc 6 dudng vudng goc, vay tong cong 1a 30 dudng vudng goc. S6 luong nhitng diém cat nhau
nhimg dudng vudng goc nay la C2 = 435. Sb lwong nay phai trir di nhitng diém sau:

- S6 lugng nhimg diém khong tinh trong mdi cap nim diém da cho, nghia 1a 5CZ =75 (diém).

- T hai diém ha dudng vudng goc xudng ciing mot duong duong thang thi chdng song song véi
nhau va khdng cit nhau, ta goi nhitng diém nay 1a nhimg diém bj mat. Sé luong nhimng diém bj
mét tir nhitng duong thang song song va vudng goc vai cac duong thang di qua (5—-2) =3
(diém) con lai. Suy ra mat di C2 =3 (diém). Vay tong mat di 3-C2 =30 (diém).

- Cap nam diém da cho 1y theo bo ba xac dinh C2 =10 (tam giac). Tai mdi truc thm mat di hai
diém hay 1a tong s6 mat di 20 diém.

Suy ra sé lwong 16n nhat nhimg diém cit nhau la 435—75-30-20=310



